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Finite Element Analysis of Transient Dynamic Viscoelastic
Problems in Time Domain

Woo-Jin Sim*, Sung-Hee Lee
School of Mechanical Engineering, Kum-Oh National Institute of Technology,
1, Yangho-dong, Gumi, Gyungbuk 730-701, Korea

In this paper, the simplified and stable finite element method is presented for the time domain

analysis of the transient dynamic viscoelastic problems, for which the weak form is obtained by
applying the Galerkin’s method to the equations of motion in time integral which do not contain
the inertia terms explicitly, but the inertia effect is taken into account, and discretized spatially
to obtain the semidiscrete equations in time integral. In the temporal approximation, only the

time interpolation functions are used for approximating the dependent variables on the divided

time axis, while the time integration schemes such as the Newmark and Houbolt methods are not
necessary in contrary to the conventional approach. To show the validity and applicability,
two-dimensional examples are given and solved for the displacements and stresses, especially for

the dynamic stress concentrations by the wave diffraction, which are discussed in detail at the

aspect of the viscoelastic damping. To the authors’ knowledge, no previous results except for the

test example exist in the literature.
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1. Introduction

The equations of motion in terms of displace-
ments in the linear dynamic viscoelasticity are of
integrodifferential and differential forms with re-
spect to the time and space variables, respectively,
and so the solving procedures become more com-
plicated compared to those of the quasi-static vis-
coelasticity and the dynamic elasticity, the stable
and accurate numerical methodologies being re-
quired.

Up to now, the transient dynamic linear vis-
coelastic problems have been analyzed in the
time and transformed (Laplace or Fourier) do-
mains mainly using the numerical tools such
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as the FEM (Finite Element Method) (Barrett
and Gotts, 2002 ; Golla and Hughes, 1985 ; Gou-
dreau, 1970 ; Ha et al., 2002 ; Liu and Sharan,
1995 ; Nickell, 1968, 1971 ; Spyrakos, 1987; Yi
and Hilton, 1994), the BEM (Boundary Element
Method) (Gaul and Schanz, 1999 ; Manolis and
Beskos, 1981 ; Pérez-Gavilan and Aliabadi, 2001 ;
Polyzos et al.,, 1994), and the FDM (Finite Dif-
ference Method) (Beskos and Leung, 1984 ; Chen
and Cheng, 2000 ; Dey and Rao, 1997 ; Li et al,,
1992), which are sometimes combined with the
sophisticated methods like the fractional deriva-
tive model (Bagley and Torvik, 1985 ; Eldred et
al., 1996 ; Enelund et al., 1999) and the spectral
element technique (Doyle, 1988 ; Lee and Kim,
2001).

By the way, the equations of motion in inte-
grodifferential form in the transient dynamic vis-
coelasticity can be transformed into the equations
of motion in time integral through the use of
convolution or the Laplace transform and its
inversion, and which concept has been partially
used in the numerical analysis of the transient
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dynamic elasticity (Sim and Lee, 2002). But the
applications of latter equations to the transient
dynamic viscoelastic analysis are very few. For-
merly, Nickell (1968 ; 1971) and Goudreau (1970)
derived the semidiscrete finite element equations
by taking the first variation of the spatially dis-
cretized Leitman’s variational functional (Oden
and Reddy, 1976). In the temporal approxima-
tion, Goudreau introduced a one step quadra-
ture formula similar to the Newmark method, and
Nickell expressed the displacement as a quadra-
tic function of time to insure the continuity of
the displacement and velocity between the time
intervals on the discretized time axis, but it was
found later that his method produces a negative
damping (ie., unconditionally unstable). So,
Nickell modified his method to be uncondition-
ally stable using the technique similar to the
Wilson’s averaging method. But their methods
still requires the time-integration schemes for the
velocity and acceleration and their applications
have been limited only to one-dimensional pro-
blems.

In this paper, the simplified and stable finite
element equations in matrix form for the time
domain analysis of the transient dynamic visco-
elastic problems are newly presented based on
the equations of motion in time integral, for
which the weak form is obtained by applying the
Galerkin’s method to those equations and dis-
cretized spatially to obtain the semidiscrete equa-
tions in time integral. In the temporal approxi-
mation, the time integration schemes such as the
Newmark and Houbolt methods (Bathe, 1996)
are not necessary since the inertia terms are dis-
appeared in those equations. Instead, only the
time interpolation functions are used to approxi-
mate the dependent variables on the discretized
time axis, resulting in an implicit time integration
scheme. The viscoelasticity matrix is derived by
applying the elastic-viscoelastic correspondence
principle to the elasticity matrix for the visco-
elastic material which behaves elastically in di-
latation and like a standard linear solid in shear.

To show the validity and applicability of the
presented method, two-dimensional examples with
infinite and finite domains are solved for the

displacements and stresses, especially for the dy-
namic stress concentrations by the wave diffrac-
tion, to the authors’ knowledge, which solutions
except for the test example are given for the first
time in this paper, and the influences of the vis-
coelastic damping on the wave propagation are
discussed in detail.

2. Weak Formulation

The governing equations of the linear dynamic
viscoelasticity (Christensen, 1982) are similar to
those of the linear dynamic elasticity (Achenbach,
1975) except the stress-strain relations of heredi-
tary integral type and can be written as follows :

(i) Equations of motion
0ii (X, 1) +ofi(x, t) =piti(x, ) (1

where 0y; is the stress, o the mass density, f; the
body force per unit mass, #; the displacement, x
the position vector, and f the time variable.

(ii) Strain-displacement relations

ci(x, 1) =%{ i (x, 1) fusi(x, £)} (2)

where &;; is the small strain tensor.
(iii) Stress-strain relations

0: (%, t) = Diju(2) * dew(x, )
=£_tDijkl(t—r)w dr (3a)

=gn(x, t) *dDiu(t) (3b)

where Dini(t) is the viscoelasticity matrix of
relaxation type, the operator * means the Stielt-
jes convolution as defined in Eq. (3a), and the
viscoelastic material is assumed to be undisturbed
before the external force is applied at #==0.

And the boundary and initial conditions are gi-
ven by

ui(x, )=4:(t) on I, Tilx, ) =T:(t) on I}
ui(x, 0) =d;(x), :(x, 0) =v:(x) at t=0
where #; is the traction, I, and I} are the portions
of the boundary (I'=I,+I:) where the dis-
placement and traction are specified, and d; and

v; are the prescribed initial values for the dis-
placement and velocity, respectively.
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If Eq. (2) is substituted into Eq. (3a) and then
the expression for the stresses is subsequently
substituted into Eq. (1), the equations of motion
in terms of displacements are obtained as

G *du;s(x, 1) +{/1(t) +G(t)}*duk,ki(xa )]

+ofi(k, 1) =pi:(x, 1) (5)

where G(#) and A(¢) are the relaxation moduli
corresponding to the Lamé constants in the iso-
tropic linear elasticity. Eq. (5) is the integro-
differential equations of motion with respect to
the time.

Through the use of convolution or the La-
place transform and its inversion, Eq. (1) can be
transformed into the equations of motion in time
integral in terms of stresses.

g*O'ijd+g*9fi_0(_tvi_di+ui) =0 (6)

where g=g(#) =f and the cor}volution in Eq.
(6) is defined as g (£) £ ()= [ g(t—1) /(1) dr.

Eq. (6) contains the initial conditions impli-
citly and no inertia terms, which is equivalent
to Eq. (1) and known as the Euler equations of
the variational functional for the linear dynamic
viscoelasticity by Leitman (Oden and Reddy,
1976).

In this paper, the weak form for the time-do-
main finite element analysis of the transient dyna-
mic linear viscoelastic problems is obtained by
applying the Galerkin’s method to Eq. (6). That
is,

_/D[g* Ouitolg* fit+ (tvit d) ) — ous) Sud Q=0 (7)

where £ represents the spatial domain.

By applying the Gauss’ theorem and Cauchy’s
stress formula to Eq. (7) and employing the re-
lations ¢i;0u;;=0:;0¢,; and arranging, the weak
form is obtained under the assumption of no
body forces as

f g% 0;;06,;d82+ f pudu:d
‘ y (8)
= _[r % S udl+ fg o(tvi+ds) SudQ

Note that the inertia terms are disappeared in
Eq. (8) so that the time-integration schemes such
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as the Newmark and Houbolt methods (Bathe,
1996) to approximate the acceleration and veloc-
ity are not necessary in this work.

3. Finite Element Equations

For the development of Eq. (8), the time axis
is divided equally and then the dependent vari-
ables are approximated on the divided time inter-
val. At this time, the constant time variation is
adopted because it has brought on uncondition-
ally stable numerical results in the elastodyna-
mic wave propagation analysis (Sim and Lee,
2002). Then the displacements are approximated
by the linear combinations of spatial and time
functions as

wlx, =210 (Dul(x)  0<t<ty (9)

where @,(f) are the global time interpolation
functions on the discretized time axis and @,
()=1 on t,1<t=<t, and 0,(t) =0 otherwise.
The arbitrary and current time nodes are ex-
pressed by f,=nAt and ty=NAft, respectively,
and #F(x) is the spatial distribution of the dis-
placements in a time interval £, 1 <¢<¢,.

By using Eq. (3a) and the commutativity law
of convolution, the first term on the left-hand
side of Eq. (8) can be written as

.js; g% 0;,;,0e,d0= /9 Eiin* denbesd2  (10)

where,
Eiju(t) =g (t) * Dijui (¢) (11)

In Eq. (10), The elements of E;4.(¢) consist of ¢
and #* functions in addition to the exponential
functions which are the elements of the stiffness
matrix of the finite element equations for the
quasi-static viscoelasticity. Dyjn (£) and Ein(t)
will be derived in the next section. By the inte-
gration by parts, the convolution on the right-
hand side of Eq. (10) can be written as

Eiju(t) % dep(x, t) =Eu;2(0) en(x, 1)

i - 2
“_/(:Ekz(x, Z')_“dE k;,(z_t Z') dr (1 )

It is assumed that the strains vary stepwise on
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the discretized time axis as in Eq. (9). That is,
N
&islx, 1) =n§¢n(t) &hix) (13)

where €%(x) is the spatial distribution of the
strains in the nth time interval.

Substitution of Eq. (13) into the second term on
the right-hand side of Eq. (12) yields

‘/(:Eu(r) dEiu(t—1) dr

dr
—— [[E o entn BT 4 1)
= —’ﬁzllC,-,-u(nAt) eh(x)
where,
Cisnt(nAt) = Eyu{(N—n) At} (1s)

—Eind (N—(n—1)) At}
Substituting Eq. (14) into Eq. (12) and arrang-
ing, we get
N-1
Ein(t) *dew(x, t) = —ngl Cim{nAt) eh{x)
+ Esu (At) € (x)

where the relations &x:(x, ) =&k (x) are used.
Substituting of Eq. (16) into Eq. (10), and the
resulting equation into Eq. (8), we obtain

(16)

'/_;Ez'jkl (At) el (x) 8Eijdg+[)pui6uidg
= [g* tdudl'+ [p(tv+d) Sud@ (1)
N-1
+'§1LCijkl(%At) 621(.’6) 861,'(2’.{3

The first term on the right hand side of Eq.
(17) can be calculated analytically if the external
forces are given, and so, for example, when the
external force is applied suddenly at #=0 and
then keep constant thereafter, the results are ob-
tained as

_B [
[ tbudr=—L- [i(x)oudl  (18)

where #(x, #)=F(x)H(t), and H(#) is the
Heaviside step function.

Substituting Eq. (18) into Eq. (17) and writing
in matrix form, the finite element equations for
the analysis of the transient dynamic linear visco-
elastic problems are obtained as follows :
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[IBIT(En][BldQ(u:)
+ [oINTTINTd@{ i}

=L [INI"{d.))ar (19)
+ [INVo(tvi+d) d@
+3 [[BI[C(nan1[Bld2{ )"

In the derivation of Eq. (19), the following rela-
tions are used.

{Su:(x, )}=[N]"{Su:}"
{dei(x, t) }=[B]"{0u:}¥

where, {du.}" is the virtual displacement vec-
tor at t=ty, [N] is the shape function matrix,
[B] is the strain-displacement matrix, and the
matrices [ C (nA#) [ Cijni(nAt)] and [E(At) ]
[E;n{At)] will be derived hereafter.

From Eq. (11),

(20)

i

Eijr(t) =f0tg(t~r) * Disne(7) dr
=—1D;ija(0) +D ijn(t) — Dijni (0)

1)

where,

Dini(t) =_/(;tDz‘jkz(Z') dr
, (22)
Diju(t) =/(; Diju(r)dr

4. Stress Computation
in Matrix Form

In the numerical analysis of the transient dyna-
mic linear viscoelastic problems, the viscoelastic
material is assumed to behave elastically in di-
latation and like a standard linear solid in shear
as shown in Fig. 1, which are expressed by

Gt)=Gfla+(1—a)e ™), K(t) =K (23)

where G(¢) and K(¢) are the relaxation moduli
in shear and dilatation, respectively, and Gy is
the initial shear relaxation modulus, K is the
elastic bulk modulus, ¢ is the ratio between the
asymptotic and initial relaxation moduli (0<
a<1), and A is the inverse of the relaxation
time fz.
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Fig. 1 Viscoelastic material

4.1 Derivation of E,;.; (1)

The viscoelasticity matrix Dy (2) or [D(£)]
for an isotropic linear viscoelastic material can be
derived by applying the elastic-viscoelastic corre-
spondence principle to the elasticity matrix [D]
(Zienkiewicz and Taylor, 1991) for an isotropic
linear elastic material and is given as follows for

the case of plane stress.

du(f) del(t) 0
[D(H)]=|du(t) dult) 0
. 0 0 daslt)

where,
du(t) =dn(t) =p1+pe ™ + et
die(t) =du(t) =q+gee " +gse

des(2) =un+wne™

and the coefficients pi, po, s, q1, 2, g3, Uh, W2, 71

and 7 are listed in the Appendix.

Matrices [D(#)] and [D(#)] are obtained by
integrating the viscoelasticity matrix [D{¢) ] once
and twice with respect to the time, respectively,

and the latter is given as

dult) du(t) ©
[(D(t)]=|du(t) d=(t) ©

0 0 Zaa(t)
where,
Zu(t) =T(t) =—( %;’;)ju(f#tz

Do (P2 i D8 g
+2t+<72e’+ﬁe )

1

() =Tn()=—(L+5)+(L1+-2

72
Q2 ..q_z_—ht Ei'ﬁzt
+2t+(ﬁe +%e )

Y4 T ¢

dss(t) =—%+i§£ t+2L t2+—’/‘1’§ et
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And we get

[D(0)1=[D(0)1=0 (26)
Substituting Eq. (26) into Eq. {21), the following
relations are obtained.

Eiini(t) =Disu(t) (27)

Using the relations of Eq. (27), matrix Ciju
(nAt) or [C(nAt)] in Eq. (15) can be written
s

o

cu(nAt) cu(nAt) 0
[CnAt)]1=| culnAt) culnAt) 0 (28)
0 0 cu(nAL)

where,
— — (D2 s
cu(nAD) =cn(nAl) = ( ey In )At
—BLoN—-2n+1) (AD)?
+_pie—71(N—n)At (1 _ e—-ylAt)
N
+?i o~ T2N-mAt (1 . e—rgAt)

2

cz(nlt) =cu(nAt) =_<%+%>At

—%(2N—2n+1) (Af)?

2 — -
_|_q_e 71NV n)At(l_e 71At)
1

+_q% e—rz(N—n)At (1 — e—yzAt)
Y2

css(nAt) =—~L%At——7‘2—)l~(2N—2n+l) (Af)?

Wa  _xn— _
+ /122@ MN n)At(l_e AAt)

In the case of plane strain, the elements of the
viscoelasticity matrix [D(#)] are defined as in
Eq. (29), and the coefficients ps, ps, D6, qus G5, 6
w1, We, &1 and & are listed in the Appendix.

du(t) =dn(t) =pitpse 1t + pee™ %t
du(t) =dn(t) =qutgse " +gee™ %t (29)

dsz (1) =wr+ wne ™

4.2 Stress computation
Stresses can be computed using either Eq. (3a)
or (3b), but the latter is adopted in this work
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and rewritten in matrix form as

f {ex, t=0)}" [D )]dr
={e(x, 1)}7 [D 0) ] (30)
- /0‘ {elx, 8)) [D t—o)ldr
where the superscript T means the transpose of
the matrix.

The strain in Eq. (13) can be written in matrix
form as

(elx, D)= Z 0u(D ()

¥ (31)
='§1(Dn {5

, ni\t) }
And substitution of Eq. (31) into Eq. (30) yields

{o(x, DY ={elx, )} [D(0)]-
[D{(N—n)At}~

2{5 nAn) )’
{(N—n-H)At}]

(32)

Note that the summation operator in Eq. (32) is
performed from n==1 to #=N while the upper
limit of that in Eq. (19) is n=N—1.

5. Numerical Examples

In the previous section, the relaxation mo-
dulus in shear is assumed to behave like a stand-
ard linear solid, which is illustrated by the
spring-dashpot model made up of two springs
(Go, R) and one dashpot (7) as shown in Fig. 1.
The stress—strain behaviour of that model could
be described by either the hereditary integral as
in Eq. (3) or the differential equation (Fliigge,
1975) as

o+ po=qoet+qé (33)

where, =7/ (Go+R), go=GoR/(Go+ R), and
@1=Gon/(Go+R).

So there exist some relations between the co-
efficients of Eqs. (23) and (33), which are given
as

Go=aq1/p1, a=qpr/a1=R/(Go+R)
A=tg'=pi'=(G+R) /7y
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And the viscoelastic material data for numerical
examples are given as follows (Goudreau, 1970):

0=1.8 X 107% Nsec®/cm*, Go=1.275X 10° N/cm?
Ky=2.35%10° N/cm?, @=0.098, 1==1X 10° sec™!
7=0.1413 Nsec/cm? R=1.386 X10* N/cm?

From these data, the dilatational wave speed is
calculated as cq=1.5X10° cm/sec.

5.1 Viscoelastic half-space subject to a sud-

den step pressure

Suppose that a half~space of the isotropic line-
ar viscoelastic material is initially undisturbed
and at £=0 its boundary is subject to a sudden
step pressure ooH (#). The finite element mesh
with isoparametric quadratic quadrilateral ele-
ments (L//=24, [=0.0375cm) and boundary
conditions are given as in Fig. 2, and the numeri-
cal analysis is performed under the condition of
plane strain.

In Figs. 3 and 4, the present results for the
wave propagation of stress obtained by using 24
finite elements are depicted at f=2 and 4 usec
and compared with Nickell’s analytical solution
(1968) and Goudreau’s numerical results (1979)
by the higher order mass model, and it is observed
that the present results show a good agreement
with Nickell’s solution compared to Goudreau’s
results with spurious oscillations. We have also
tried this computation using 12 finite elements
and obtained the numerical results of almost the
same accuracy except some more deviation near
the wave front.

In Fig. 5, the effects of viscosity () on the

i

GHEEY e E11 ] (25 | e el b ol

Fig. 2 Finite element model for the viscoelastic
half-space
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longitudinal displacements (#.) are depicted at
t=2, 4 and 6 psec. It is observed that the displa-

1.2

L ——: Nickelt

T T 1 H T
0.00 0.15 0.30 045 0.80 0.75 0,90
x {cm)

Fig. 3 Axial stress of the viscoelastic half-space at
t=2 usec

PY ——— Nickelt

L T T v
0.00 0.15 0.30 045 0.60 0.75 0.80
x {cm)

Fig. 4 Axial stress of the viscoelastic haif-space at
t=4 usec

2.8 e, ek, o U 2, 4, 6 458C | 00,1413 (given)
e, g, et L2 2, 4, 6500 ; n=14.13 (incre:
Oy el w0t U= 2, 4, 8 psac | 0=0.001413 (dacreasad)

H L L
0.00 0.15 0.30 0.45 0.60 0.75 0.90
X {cm)

Fig. 5 Effects of the viscosity on the displacement
wave propagation
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cement wave with a small viscocity (7=0.001413)
follows behind the other two waves with higher
viscosities due to the reduced stiffness of the
viscoelastic material and reaches the equilibrium
state in a short time, and the displacement be-
comes soon larger than the other two responses.
Note that the slope of the curve, i.e., the strain, is
constant when the equilibrium state is reached.
The opposite response is obvious when the mag-
nitude of viscosity becomes higher. For reference,
the time step in this computation is Af=1.5625 X
1078 sec, which is 1/16 times of the time for the
viscoelastic compression wave to travel across a
finite element.

5.2 Viscoelastic plate with a circular hole
subject to a sudden tensile load

The viscoelastic plate (40X20X1cm) with a
circular hole (»=5cm) is subject to a sudden
tensile load goH (#) at both ends. Capitalizing on
the symmetry of the problem, a quarter of the
plate is discretized as shown in Fig. 6, where
the finite element mesh is composed of 76 ele-
ments and 269 nodes, and the numerical analysis
is performed under the condition of plane stress.
The displacement in the direction of y-axis and
the normalized normal stress, i.e., the dynamic
stress concentration factor, in the direction of
X-axis at point A around the circular hole are
depicted in Figs. 7 and 8, and it is observed
from those two figures that as the value of «
becomes smaller the curve of the viscoelasto-
dynamic wave is shifted to the right with some
dispersion compared to the elastodynamic solu-

20¢m

p | 0L H(t)
AT '
ZH
AT
7 — 5
oz () >
u FT]
?«»»x . - ” T ” P
: ] # WSS 7z

Fig. 6 Finite element model for the viscoelastic plate
with a circular hole
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tion (¥=0.2703). It is hard to find the visco-
elastodynamic solutions, whether numerical or
theoretical, in the literature, so that the numeric-
al data obtained by running the elastodynamic
program (Sim and Lee, 2002) which has been
tested by various ways are adopted for the com-
parison of the numerical results. For reference,
The time step for this computation is Af=
2.691 X107 %sec, and y=0.2703 is the Poisson’s
ratio corresponding to the initial relaxation mo-
duli Gy and K. In Fig. 7, the displacement curve
for the case of @=0.098 is omitted because it
shows a relatively too large curve with a single
peak (uy=—1.0129 cm at #=0.00134 sec) com-
pared with the other curves.

02

. Elastodynamc {v=0 2703)
— Viscostastodynamic (u=0.98, 0 8, 0.9}

Viscoslasiostatc

14, x-0.8]
(00414, 2-08) Viscoelasi0stanci-0.1017, us0.3)

-0.3

0.4 T T T
0.0000 0.0005 0.0010 0.0015 0.0020
t{sec)

Fig. 7 Vertical displacements at point A on a circu-
lar hole in the viscoelastic plate

. Elastodynamc {v=0.2703)
1 Viscosiastodynamic (s=0.98, 0.8, 0.3, 0.088)

T T T T -
0.0000 0.0005 0.0010 0.0015 0.0020
t (sec)

Fig. 8 Axial stresses at point A on a circular hole in
the viscoelastic plate
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5.3 Wave diffraction by a cylindrical cavity

in an infinite viscoelastic medium

Consider a long cylindrical cavity in an infi-
nite isotropic linear viscoelastic medium imping-
ed upon by a compressional P-wave whose front
is parallel to the axis of cavity. Manolis and
Beskos (1981) solved this problem in the Laplace
domain by using the BEM only for the Maxwell
and Kelvin materials.

In Fig. 9, the finite element model is given
for this analysis, where only a half of an infinite
domain is discretized by 238 finite elements
utilizing the symmetry of the problem about the
x-axis, and the artificial boundary is constructed
far away from the cylindrical cavity to avoid the
undesirable reflection.

In Figs. 10 and 11, the x-displacements and
dynamic stress concentration factors at the point
of §=90° on the boundary of the cylindrical
cavity are computed under the condition of plane
strain and compared with the elastodynamic nu-
merical results (Sim and Lee, 2002) for the vari-
ation of ¢ values (0.098, 0.5, 0.8). It is observed
from those two figures that the viscoelastodyna-
mic curve adheres closely to the elastodynamic
curve as the value of @ approaches to unity, i.e.,
the damping of the material decreases, and the
viscoelastic wave speed becomes lower due to the
relaxed stiffness of the viscoelastic material and
the attenuation increases as the value of a ap-
proaches to zero. For reference when the value

v o ¢ R 1 St Svwi o ST SRS I Wt sr—— X
7 e " e vl -

Boarog ke w  w ks

Joy PR U S U S

Fig. 9 Finite element model for the infinite visco-
elastic medium with a cylindrical cavity
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Fig. 10 Axial displacements at §=90° on a cylindri-

cal cavity in the infinite viscoelastic medium
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~, 1.5+
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cal cavity in the infinite viscoelastic medium

of ¢ is equal to zero the standard linear solid
model becomes the Maxwell model. The maxi-
mum values of the dynamic stress concentration
factors for =0.8, 0.5, and 0.098 are —2.836 (=
1.43 X103 sec), —2.772 (+=1.60X10"% sec), and
—2.456 (#=1.87X107%sec), respectively, which
are compared with —2.884 (£=1.33X1073sec)
and —2.67, in the case of the dynamic and static
elasticities, respectively. For reference, the time
step for this computation is Af=1.3333 X 107° sec.

6. Conclusion

Time-domain finite element method based on
the equations of motion in time integral has
been presented for the general analysis of the
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transient dynamic linear viscoelastic problems.
The weak form is obtained by applying the
Galerkin’s method to those equations and dis-
cretized spatially to obtain the semidiscrete equa-
tions in time integral. In the temporal approxi-
mation, the stepwise time interpolation func-
tions are adopted to approximate the dependent
variables on the discretized time axis, the simpli-
fied and unconditionally stable finite -element
equations being obtained. Two-dimentional ex-
amples with infinite and finite viscoelastic me-
diums have been solved successfully for the dyna-
mic stress concentrations by the wave diffraction,
which solutions are given nowhere in the litera-
ture. Currently, we are applying this method to
the viscoelastodynamic fracture positively. So it
may be said that this method is one of the useful
numerical tools for the transient dynamic visco-
elastic analysis.
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Appendix

The coefficients of the viscoelasticity matrix
m=12KGo+4G}
m2=12KoGoA+ 12K Goad+8 Gl aA
ms=12KoGoa#+4G3a’ X, ma=3K,Go+4GE
ms=3KoGoA+ 3K GoaA+8GEar
me=3KoGoa X +4GE? X

m=6KeGo—4G$

12=6 Ko GoA+6 Ko GoaA—8 G A
15=6KoGoaX —4GEP R, ns=3KoGo—2G§
n5=3KoGoA+3KoGoad—4Giad
ne=3KoGoa* — 2GS’ ?

a=3Ky+4Go, a2=3Go

b =6KoA+4Goad+4GoA, bz=3GoA+3Goad
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